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1. Introduce ton 

Host of our knowlcdRO of olonencary particle, nurlrar, and atomic 
phyalcs coMs item collision esperiawnts. Ultcii tliesc collisions Involvu 
systsas of ■any particles, exact solutions of Che scatterlnK equations 
are out of the question. Models that snphasite certain reaction nec- 
hanisas can succssfulle explain auch of the available data, but as both 
axperlaental and niaerical techniques pet sliarpcned, there is an increas- 
ing need to understand how these aodels are embedded in an exact aulti- 
partlcle chaory. This would allow us to correct these aodels for excluded 
physical procassoa, and to evaluate the laportanca of these corrections. 

For the case of bound states, there is a theory that provides a 
franework for understanding bound state calculations in the above sense. 
This is the Bethe-Breuckner-Soldstone theory (1J> This theory does not 
give a perscriptlon for calculations, but rather provides a complete 
frasework for systeaatlcally including, and evaluating corrections |2| 
to various bound state calculations. 

Our goal in this paper is to construct an ex.-ict nul c ip.irtlc le reac- 
tion theory that does a similar tiling for collision theory. Ue restrict 
our considerations to non-re lativistic potential theory (though we make 
soeie connents on how both particle creation and relativistic klneiaailcs 
night be included). The formulation of such a theory is difficult because 
Cho boundary conditions that come into a collision theory are much mure 
complicated than those of a hound state theory, by working in nomentum 
apace these boundary condition problems can he reduced to pruhlums of 


In noii-rclatlviatlc potential theory, there arc tuny exiatlng N-bedy 
theories baaed on mathematically well undcrctood equations |3|, Thoso 
theories guarantet the existence of fonial solutions [4|, and allow for 
practical calculations when N'4 |b]. They arc also useful guides for 
constructing models of simple reaction machanlsms in more complicated 
prohlcai. Unfortunately none of these theories have the kind of flex- 
ibility thxc we demand. A typical example chat Illustrates the type of 
flcxlhlllty chat we desire would be to treat scattering of ^L1 by ^Ht, 

crodfing Che ^Li elmultalnously as a bound ^Me-^H system and s bound 

2 4 13 2 4 

M- He system, maintaining both unicaricy serose the lie- II and H- He 

breakup cuts and compactness of the kernel of the integral equation. In 
addition we would like to be able to construct a first principles 
optical potential (from a compact kernel theory) describing the effect of 
the excluded channels (b). Applications of this tvpc arc beyond the 
scope of existing N-body theories. In addition, sloce the atructure of 
most N-boJy theorlea is dltctated by compactness considerations having 
little to do with physics, It is not clear that truncations maintaining 
the structure of these equations will clearly relate to any physical 
prucess. There re other .li.pro.iches that arc .iiieiited more tiiwards 
practical calculat ions, such .as distorted wave approsimat ions and mul- 
tiple sc.itterinp. appro.iches ( 71 , hi'v.ver tli.'s.' are not easily estendlhle 
to include .all aaiiv hodv correct tons. 

The type of theory that we want should s.itlstv several conslialnte 
if it I-. goinp, to he useful, hirst the theorv sheuld be based on a very 
tlextblo louud.itiou that allows ur. to sep.ai.ilo tho important aspects 


analytic structure 
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of a roacclon from tlio iminportnnc one*, Uo wouM Itko t« do il.is in ,i 
way that rolataa dlroctly t« (he pliy.lc», nnd l» ImlopLiult-nt ol 11,0 
dyaaalcal atructure of .inv ciuatlon. In addition vc would Hko to |.o 
able CO calculate che contrlbutlona fro« hodi the import.int and 
unlnportant parts of the dynaalcs and understand how they rorahiin- to 
«lwe the full dvnaaics. A cunpact kernel approarli is deslr.thlo, »ince 
solutions of coapact kernel ojuscioos arc ucSl understood, adnlttinc 
coostnietlve solution techniques. We would like ccnp.ictncss to be 
Maintained Independent of how the dynanlcs Is divided. 

We would also like to he able to control tlic unitarlty structure of 
OUT equations, iy this we aean that we would like to know witat parts of 
our dynaalcs are responslblo for the presence of flua la varlour. as>~»p- 
totlc channels, and how non-unlcary corrections, due to loss of flux, 

■oy bo included In a controlled nanner. 

Tbo theory that we develop la consistent with all of these criteria, 
and has several additional noteworthy features. First the approximate 
dyaanica Is calculated from an approxlnate llanlltonlan. This makes it 
oasy to coMSlder syMtry properties of our truncated syste.. Second, 
the theory allows for the inclusion of many body forces in a natural way. 
Sluee all particle creation effects can be i.pllcltly described by energy 
dopondent many body forces, the Inclusion of relativistic kinematics 
would allow us to extend sone of our techniques to higher energy colli- 
alons (Che rslatlvlstlc klne«itlcs and energy dependent forces will alter 
our analytic considerations In an obvious way). Tlilrd, the basic input 
that cones Into our theory are transition operators and hound state 
wove functions corresponding to fewer body prohJenH. These are more 


S 


.llrc-tly rel.le.l i,. exper I I v me .surahlo quantities than are poten- 

tlalH. Keurth. we are ..ble f. miint .ln unltarltv of the truncated equations 

an., lytlcltv I,. . omp.,reH with nnit.trv K-oatrlx the- 

orleh). This mikes our the-tv romnailble with dispersion theoretic 
techniques. Tinally o„r theory is b..sei! -n a description of the aynamlcs 
in terms of asymptotic hannels. This .-.ermiis t.< -.ke direct contact 
with experlrvnt.illv ohserve.l quantllles. and to keep careful track of 
how hount.'.irv comlittons .•■•me into play. 

in developing this tho <rv wo obtain two •.etv useful results that 
should be of Interesl by Ihemsolyes The first is Theorem I which uses 
combinatoric technlquos to construct a Jerocrstlc expansion of the full 
Hanlltonl.in In terms of proper partition Haml I tonlsrs . fn this wav we 
c.m easily understand N-hodv scattering «n terms of propagation thre.gh the 
various non-orthogonal fewer body channels. To aur knowledge this Is a 
new result. The other result concerns the use of comb Inaterle tech- 
niques In treating connect ivitv. Tl.e kev results are Theorem 4 and the 
decomposition (1). These results are net new (gj, hut their power, 
which exceeds the applications at hand, has not been fuliv appreciated. 

In particular thev allow us to get renneeied kernel eqi-stlons with 
coupUtly .arbitrary truncations of n.nnv hndv Haml Itonians. 

This paper Is divided into six sections. In the next section we 
describe background material that will he needed in sidisequent sections, 
fhir notation Is est.ibllshod In this section. In the third section we 
give a precise definition of a re.ictlon sii-ch.iiilsm. We use rombinatorlc 
technl.,iH-s to prove our il.iml I tool .sn decompe i| i Ion theorem. Pvnamlc 
opor.aiors associated wilh .1 .given reaction mechanism are defined, and 
related to soliilinns of fewer hixlv problems. |n section IV we develop 


compact kernel Intcgtal oqu«it for operators c«*r r<‘S|*ontiin)* tt> 
reaction vechanism In term« of fewer hodv nolticlon^. T!|o^i' opor.ilor** 
are then used as input in .inotltor corapnet korm'I Incccr.il eqnntlen for 
the full d^manlc operators. In section V we prove various properties 
of those equations. All of our lntcer.ll cqii.iCi.ms .irc shown to have 
connected kernels or copnccCciJ Iter.itcil kernels. In addition wc 
prove chat the dynamic operators cnrrespcmdlnft to the various reaction 
■echanlsM satisfy a suitahlv truncated optical theorem. 


lO 


1 1 . H.irk:;ri.ti: f 

Is this s.-rtloii ue cst.ihlish our not.ti on .iiol IntreJuce nercKsarv h.uk- 
);r.iiin.i nvitcria;. The mit.rl<l is .UvlJe.l t lo ttir.-.- p.itts. First wc .lls- 
riiss the notion of partition l.ittlr... Th . will he ,- 7 ..rlant (n h.,o.tIln,t 

th.. connecilvUv aspects of n.ir I Th. we Inlr. J..,e the notation .iml 

conventions th.K will hr iisetj In the rec.iir r of fhe p.in. r . Ftnailv we 
cel Icct sons. wi-I! -kf own specfr.il propr^rii-s suhivste- .'pef.it-irs wlilrh 
.ire ne. .led .IS input In inv N-ho.lv the.irv. W, heein with .n Int redur 1 1 on ».i 
partition l.if tiros. 

•' • £VA f t.Idd’ 

.T p.irtltlnn. a, o' •! p.irllrlcs is i -w.iv o .livl.!l-» t^o N p.irtiil..s Info 

disfolnt p.ronps of p.irtlrlos, c.illod cluiters. Ve uso lower rase L.itli. 

letters (a, b, c...' to denote p.irtitlons, and n , n. , n ... to denote the 

.1 « c 

nunhor of clusters in the partition. For N partlrlos there am two partitions 
th. 1 t arc uniquely speciflot] once the nuisher of olusters .tre ftlven: the l-<lustc 
partition, .ml the N-clusrer partition. We denote these bv 1 and 0 , re-ictlve 
diven : partitions, a .md h. we siv a ^ b or •< g a if ., can be rbt.iined ! r ..n 
b by breaklnr. up some fpossiblv 0) olusters of h. Tlifs ronrept ts easilv 
llluscr.ileil In the four-part trio raso where 

.1 * (U)fWl b • fi:i)(4) 1 . (llfdMi-i 

eg a r^h n^b. 

Tlio relation C Is .i partial orderlny on llie set of partitions of N 
p.irtlcli'S. W.» di.fiiie least iinper bounds (. miens) ,iod p.reacest lower bounds 
( inierson ions) relative to tin p.iril.il orderinp. f.lven two partitions a and 
b, .1 I. Is the (inest partition (the one with must clusters) satisfvinp, 
a^h 2-1 dod .1 kd h 2 b ' ’H'o intersertion a h Is the toarsest partition (the 
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OM With th« IcnaC nurhar of cluaccr'i) iinti»fvloz h .1 .iml .1 r» h i 1 ,. 

Iho union* and IntarnacUon* daflnad nhnve hoth «txl*i .mi) .ire unlnnu. TIio 
oparatlons and n endow d<e net of partition* with n lattlro ntrui-iiiro |q |. 
la order to underntand U and f' wo rIvc some oxaeplos In tho foiir-p.irt irlo par- 
tition lattice: 

(12)0X4) (12)04) • (12)04) 

(12))(4) yj (1X214) • (12)4) 

(12)0X4) r (1)(234) - 0X2)O)(4) 

(i2))(4) r)aJX24) - (0X2X4). 

The partition lattice In Important in N-hody tlirorien bcc.aiine of Itn 
relation to the notion of the connectlvltv of N-hodv oper.ntorn . (liven a par- 
tition, a, and a linear operator, B. on our N-partlcle Hilherc space, we sav 
1 haa connectlvltv a If B connotes with the )n^ parameter unltarv eroup of 
tranalatlon* that describe the notion of the clusters of a; .and these are the 
only translations with which b coanutes. This neans that on taking nomentun 
space natrla elentnts of B. the only conserved nonenta are the total CM momentum 
and the relative nonenta between the various clusters of a. 

The ala of all K-bedy theories Is to recast the SchrBdlniter equation in 
the fora of an Intesral aquation with compact kernel. Compact kernel Integral 
aquations are well understood and admit constructive existence theorems | 4 ). 
Disconnected operators are generally never compact. One experts th.it if oper- 
ators of definite connectivity satisfy sufficiently restrictive boundedness 
conditions, any product of these operators that Is connected will be conp.ict^. 

He therefore define a fiber conpactnesa assisaption (K.C. A.). This .issumption 
puts aufflclent conditions on an n-connocted operator B, so th.it whenever a 
atrlng, S, of such operators has overall connectivity 1, S Is comnart after 
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ih r I'M motion I s f.irt ored out. In this work wo assume th.at we have a suitable 
F.C.A. operat Inq^. In parltcul.ir. whenever we isenilon connectivity, we mean 
<*i>nnc*ct (vitv plus some suic.it'lo F.C.A* Uc remirk tli.it F.CeA# nust com* 
p.itiHle with thr .structun* the cfju.it ions to which it Is ;ipplled. Since 
our fiwiln Intcrctt in in developing .tml notivitins a new S*hodv fprfMUfi«» we 
will not consider the nature of ttie F.C.A. Ve refer the intctcRteJ reader 
to Kef . Ini- 

P»e Impnrtanl connccti*»n hetween connectlvltv and the partttlon lattice 
1 m the folK*win)(: Let A .tml R he operators with connect Ivit iea a anii b. rcspec* 

tlvelv. If we consider .Vil, the product onlv comnute!i with ihoae translation 
operat‘'tji that *lmult.ineouslv connute with both A and 9. Since c ^ c 5 1* 
Imply that the )n^ par.ineier unltarv sroupa of tranalationa of the cluHtem of 
c are aUo amonf the unitarv ^roup of translation* of the clu*ter« of both a 
and b* .iiul alnce any Much c muai «Atl»fy c 3 a it follow* mat the uni- 

tary group of tranMlatlona corrmting with both A and B are preci«ely those 
deacribing the notion of the cluMtern of a \.*^b* Thu* ve get the important 
roault J l_f_ A ha* connect Ivity .i» and B ha* connectivity b ._tjiei^(\B_haM_cofi- 
noct lvlty a U b. When a Uh ■ I, the product AB will then be compact. 

B. Not at Io n 

Conaider N nonrelativtsl Ic mutually lnter«ict ing particle* with a Hamlltonl. 
of the form 

II • K ♦ V. 

where K I* the S particle kinetic ener^v operator, and V de«crlbe* the Inter- 

n 

aetlon hetween p.irtlcles, Tvplcallv V is of tlic form V ■ where 

I* a iihort-ranp.ed force between particle* I .mil i« thir formallan al*o aliens* 
tlie inetiiMion of l*o«»v forcen. Ihe cane of N’-hodv force* in the N-body 


problra r«'qtiirM .low aodlflcatlon: w.- m.(r i.icl.isinn tn , A. 

In vwrytliini! clue follow* wo ^isiumo lli.u V roiiHisis o« .’.....N- I 

forcoa. Eatarnal forces arc oasilv im lndoil Sv assiinlne tliov .iro Uf.! i.< 
an additional rictillous particle of infinite tnss. 

In general the operators -e deal with are sun* of operators of definite 
connectleitv. For an operator p we define (Bl^ to mean ihe part of p that 

has connectivity a. W, ..o,e that (bI_, - O if b has no par, a. 

We also use the nocattens: 

■ Za IbV 

b(Ca) 

J '"'h (1) 

bJJ • Z! iBl . 

^ cfC'O *’ 


Using this notation we define thepartltlon Interartlnns 

V- - ^ (V). 

h(Ca) ’’ 

■ of.,'"'' 

h«c) 

As an exaeple canttlder the case of four particles: 

'’(I 23 HA) ■ ''n * ''21 * ''11 * ''121 

(121)f*) 

(1*11(2) ^l* * ''v, 

where Is a three-body force acting among part Ir its I, ? ami i. The oper- 

ator la the sun of all Interactions Internal to clir clusters of a. v" Is 
»f all Interactions esternsi to the clusters of a. and v" is the sun 


cliistiM s 01 h. 

In till- saim- wav we define the nartlllen llllM 1 1 on 1 ans ; 

", Il'l. • K ♦ V . 

•’ hf<a, " ’ 


note K has cnnnectlvltv 0. Wo observe 


We now define the operaf.rs desrrlhing the lull dvnamirs. The tesnlven, 


operator is 


r.(21 • (2-lM'' . 


I, contains ail of the N-hmIy phvslcs. In dvnanic ronlen, r.(Z) 1 , eTilviI.-n, 
to the tranniclon opi*r.itorM [I^J: 

T^'’(Z) I v’ ♦ v* r.(2.) v'’ 

: v'’ » V’ r(2) V*’ . 

Tlic natriK elenenta of either of these opera ors between aseuptniic states 
r.lves the physical transition prohah 11 1 c ies. Their on-shell nairl* elen.-nts 
arc Identical hut they differ off shell. Ke also define ttu- various p.rtltlon 
(subsystem) lesntvents; 

r. (7.) (2. -H )■!. 

a a 

In ceneral. we suppress the Z-d.-pendence of C. and T.''’. Since we use the 
partlt,lon operators v||. ete.. to construct C. t;'’. we must first under- 
ht.iiid the partition operators. Me discuss these in the next subsection. 


Tl»c basic philosophy behind the M-hody proMen Is indiiriivet «»ne solves 


the B-body problem usina Input from fewer hojv prohlons. The fewer hmly 

solutions ara used to construct the partition resolvcntH, or their cquivn* 

laats. Although Involves all N particles, when a d a has 2 or more 

nonlnceracting clusters each having fewer th.in N particles. Thus C describes 

a 

the dynamics of several noninteract Ing fever body systems, rather titan a single 
N-body system. We define 

"1*",*^ "a 

where is the sun of all interactions internal to clic 1^*' clusior of a. and 
Rj Is the 1*** clusters kinetic energy. Tie operator Is trivially 

related to the true fewer body resolvent Sv a simple Inbedding. Uugenholtz [ll] 
has shown that 

r. (Z) - c,(Z) * c,(z) * ... • r. <z) 

a I ^ n 

a 

whara * is tha convolution in Z. This determines the dynamics of from fewer 

body systems. 

Although Involves fewer body dynamics. It is ait operator on the N 
particle Hilbert space. Because of the translational invariance of the rela- 
tive positions of the clusters of a, has cnly a continuous spectrum. Wa 
distinguish between two types of eigenstates^ of the p.irtitlon Hami Iton Ians. 

'Hie first class of partitiem Hamiltonian states will he denoted as 
■anlmnlly connected eigenstates . A maximally connacted eifcnstate 
le a state where the particles of each cluster are in a bound sta..<*. These 

correspondence with the set of physically prcp.irahle Initial 
states from which the full scattering states evoi<.*e, provided we let n v.iry 

wmt all partitions of N particles with n i. 2, The conr)l«ymentarv class of 

a ^ 

t ». II. 

Hamiltonian algenstatas are those where the partlcle.s of at least one 


•• • wot**** «f .M. , 
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( 7 ) 



It also follows that ailolt.. (Iu> spo lr.il rosoliif (.•ii 


r. (Z) • / . / .IV, . . . df , — A h . A. . _ 

*'.-C • "h"' "h'* 

*» '1 7 .- 

b(Ca) A* ‘ I 


of th« clusters of b, and an- the corrcpondlnR n-d.iccd masses. ii.,.se op. r.itors 
are tbe bulldlnv blocks fr..« wliirli we mnstrert our tlicrv. Tp (ji, (’*, (s) 
and all subsenuont work av .issiini' (he .•veralt Cl d.'<!rees' .•! 'roe.lois li.iv 


III. llimMlf.iii.ifi p.*( iif’ipfis 1 1 I ,ip 


IK 


Im ihls S...U..., loi-nllv wi.1t w.. SSMO I.V a roan ion norliinlsm (K;I, 

"..Illi.ulvelv. this is to procesaes ... .-..rr In,-. 

wlM-n a s. ai lerln,- or r.-a- I ion nfoo-ss take- plar-. Il.o rbolre of KM rn,st 
r.-lv on pt.vHl. tl Inciilllon, l-.l lor anv .•tol..- t'.e f.itiMlIssi provi los a 
lo.l...in.h for ot-talnlnr. 311 l..•P■aU_c..l Iv .i.j.roprMt.- ..puatlon.. 1.. d..s.rlt.e 11 
.mil to obi., In .svsii-nai Ir .■nrroct Ions for .ill oil., r pror.-ssos. 

The Horllon Is divldod info f,..ir parts, '.o h.pln bv ronslJ. tin,: s..ro 
nsof.il c.iml.in..c on. r.-lit l.nis. fi..xt wo aso ihPM- r.-s..|t* to wilt.- IN- «.,! 1 
ll.imlltonlni. as i *.m of piriltlon Haml I toni .ms. his yields deronp..Mt (ot. 

II In torr,s of asvr,.toUc oh.snnels. Final |v we define teartlon «..rh.,nlsp. in 
Runeral terms and ronntrurt Che assoelated operators. 

i\. l^v'Kbljn.uarlrs 

ri.c Stlrllns miml.er of the second kind, :i.'. Is defined as the an*!., t of 
wavs f. dlstln,;ulnl>iltle particles cm be r.rniiped Into m -empty rlnsters. Wo 
also define the cK-f f Ic lents C„ (-) •’(n^-I)l. The ruin resells 

re«iulred are '' |lbji 
la-siM 1 ; 

al?h) " 
n it 
a 

Tile prlps- ..11 the snm rs-.ins th. p.irllllo.i I Is escluded. Ue 

use this notation thrmn;honl nnr p.iper, I.easu I Is the krv conhlnaierlr result, 
•n.e r.enn.-trle Impprljmce Is |l,o fellowlnf! when K Is .lefined as In (I), one 
e.in show ,) 1:^ Is the dU> onnecled p.irt of B. 


• : s c • I 

alTl.) ns? "1. " 


Another not of moriirrs th.it nro of lniorp.i| arl-<p frun iI.p Invi-rnlon of 


tho rolatlnn 


*a * ^ I®!!. * 5 

'* h(Cj> *• b •'5'' *' 


Hit witlrlusior coefetcient* !17|. .ire i)e(tn«<t hv 


t»i, ■ Z 

" b(^) " ^ 


Thl. allow, u. to ..tract (1)^ fro. B^. Tl«. e.i.t.nc. af the antlcl...ler co. f- 


flcl.nt. d.ponj. on th. Invert Ibi 1 ity of the natrl. i 


Wo «how tli.ll 


......n.. on in. invcrtiDiiity of Che natrl. i . .. 

.1 Jb 

*.2b ’’** *" l»«“ «h-« Che Inver.o 1« .in Inloror a.itrlx. 

fut Che partition, in a.cendin. order bv mintier of cluHerx, Since 
a 2 b '» 1 n^ i inplle. b i« the rliiht of ,i .md tho onirv I <« 

above the diagonal. If n^ • iij^, a p b - a • b »o one obt.iln--. f» .ilo,i< tho 
diagonal. In thl. repre.encaclon ha. entriv* which are alw.iy. 0 or I 

with 1'. along the diagonal, and 0*. below the diagonal. Theae three fact, 
are enough to prove chat the «i* e.i.i and are Integon. Thr.o coefficient, 
can be eaally eon.tructed by row reduction. A ipeclfic example for throe 
particle, i. given in Fig. 1. Explicit expr...io.i. for n* can be ohiainoJ | 1. 

Pcco^oeit ion in Farticlen Haniltonl^.. 

We now u.e Unu 1 to expre.. Che full N-body Hanlltonlan a. a aum of 
partition HaMltonlana. U.lng (9 ) with b • 0 it fallow, chat 


K • I C K. 

M 


V9 also hsvo tho following; 


f =a''a”'- 

To prove thi. we note 

I Ca *a ■ J *^a ^ ’’''b ‘ ^'^''b ^ ^ 

■ « ■ b(Sa) ® h ^ a(2h) " 


(12) 


20 


gy U-nei.i 1 we h.ive 


It fut Itn/x chat 


C . 1 . * 


; ‘^a • I >''lb \.r V ■ (VI,. 


Where w, h.ive u.ed (.’1 with V - V^. If ,t„re .,r.- no N-bodv force. 

|V|| ■ (I. ,ind the re. nil follow.. 

te.iilt. (U) .ind (i;» le.id to ilie lopori.inl thvoron: 

Piro r*?«^ I ; 

ll.li I. .1 trivial con...,uenee of (If and (I.’). I, ..,y, ,bat the full S-body 
M.iHlt..nl.,n can he expre..,d a. a .u.n of parMtl.n, Ham It onlan.. We recall that 
the pariui.ui ll.imlltontan. are fewer body operator.. 

I'.tng Che prelection operaior. defined in ( K ) we nav write 


. r 


■X 


*0 


H (I ) H , 
a b a 


Sub.tltutlnp, (14) (n (!J, .,„j changing to order of the .umiaclen. we find 

H . ^ r"' 

^ ' C.. 4- V, r 1 » If , / 

h \C aiTbl .» •» » 


Hef Ining 


(l>> heeoac. ^ 


: r • r • 

I- \C ^ \C A„ 

‘•b> Z c r (. ) H 

aiphi "Ah a 

"• Z‘ '“’h»- 

'h ^ ''ll 


TM» fxpre-^sen H .t huih of oprr.itors toiwf nll■l••J Ir.-n Ivw.t Ih'.I* > iut.k .t-: , 
each of which correspoii.lji in ,i .lUren iii 1 ,• , I . Wn .1.. ti.<i m .'.l 

to know full S-hndv Koluclnnn In nnkn ilift tllvfHicii. 


C. Rp.tc ilo n i 

Fn Chl« part uv dpfSnti* .1 riMcttrn lf*r (RM>, «>u.in I .il I v«* I v ;m KM 

Is .1 phnm.TonnIcglr.il plolurc of luni ,i rn.ioilnr, prnrir.l*. .wu.illv mol lv.it. , I hv 
*omn Ph»,.rv..j rropercv of (hr nv.iom. For nr.iUnriiiP. nxpnrimcnin ihn m,v,t 
inpcrt.lnl rrnperilm .iro cro«n »nrClcn..<. In mw r.wcn il.nv give cnmioh .ikcfii! 
InfomaUcn lo Isolate a d.mlnaiit R*I. hut often mist So supplencnt r,| hy physi- 
cal IntJltlcn. Given aiiv set »f lnpcrt.ini asvnptollr rhannols. we h.ive a 
natural wav of Isolating the dvn.imlrs n,at ptopagatn 'hrough these rh.innnls. 
This leads us to .teflne a 10.10(100 isechanism ,»s follows. 

Oef Inltlon : 


i\ reaction ncchanlsm (Rfl> Is a cnllerllnn 
.'C aivmptotlr rh.innets. 

In any specific ex.inplc one still Ins to decide on physical grounds what 
states sre Inportant. Clearly, states responsible for targe portions of the 
cross section should h« inportant. Oi. the other h.in.l. If we are below Iho 
threshold for a certain channel. It mav still he iepririant through off-shell 
effects. Our phenomenological pictures will ho lepnri.int guides In picking 
out an R.M, especially with regard to those off-shell effocts. 

Analytlelty Is a very powerful (not In scattering theory; given the dls- 
eontlnuities across the scattering cuts, resld.Ms of the hound stale polos, 
and (he asyaptotic behavior at R - - „ analvl Ir ronsiderni Ions to re- 

cower all H-body physics. Through analytirity .ind .mliarliy eonstr.ilnls the 
dlscontlnuf ,ea across the scattering cuts are related to the physical rr.u,s 
aecclons. This relstton Is expressed in the opileal theorem |M| which In o.ir 


ciQtAtlon the torn: 



M < •. » ^ \M \ , ft**} 

. A ' 

•1 

H(A) .1 t,ifv *t/»»n .r fin^l pbt.it** con*i|nf.i nJv r.f tli 

c't.Ann**H«t A. If A • wt> i;* i mic full dynAtxIc Ihtforv. Vr p<»^tpcno *hv 

proof of itilfb ih4*(*rc>n until V, 

.lollof nrri‘ tin<*<'ii1 \f \ l« ,in TV, vn drffnr V%r irv 

RM, A*, liy A' • A^NAa A l.ft.vi^il Rr*. A, 1 h jin RM whcf«* 

t • O t S . 

M'lb2f,.^CA^ 

Tliif^o RM*h .in- turned lrivl.il hcr.iuii* thr M ini Itorl.in M(A> no t l.m% 

brtwvtfn llir cluntcr* uf .1, nn f*ti« il'n.inli * .ir.* ifcrt v.iMr tUu><ttv f ron f^vot 
hody problcfAn. ftu'io wltnro r.ti-h of ttw p.irt 1 1 i.ili ^ A' 

involve no ^*10 Cli.in four clu«(«riis .in* Inpori.int lt«*« eusn in .t 

^ cnnncrceil kernel .AppronuU. tliclr Jvn.imlc coP4ilexit«' I-* <*onp,ir,ii»l** 10 cli.it 
nf » fitw *hoilv prahinm. 

In Uu* rm.ilnder n* tUi^ -tout 1**11 wo imi«* tin* op**r.itor H(A> to d«*fiii«* 
flvn.imlr RM i«t*«*rncnr<* In lli«* nenl two *«erit<*nK we develi^p ronncried krriirl 
liuirt f««r Hu* R*: i*t>**r.ilor^ .in«l fltelr r<*Mp|vni*nifit We nhow lu»w Ihe^e 
nieiv .»e|^i'nh(*ii*il In .ino(li*<r c<*ntii*rf i*il kernel l**n to •*.et the full reni'ilon 

*lvn.imli'«i , 


4 


in<l il>(* 




;t> ;/ 


D • Id Op^ratorw 

In 41 foil rencClon lh#crv oiu* wifli .1 Il.iml ! i(«nl.in; rl«v»» von- 

fttrucCn resolvents, translcinn t^pcniorj* .mil otlier »lvn.'iTlc It Wo 

follow this procerfure for the RM UlAI, !»v tl*n, V’irsi 

we conecrurt effective XM interact Ions . t'sinu (IS^ we see \\{\) aiinlis tMo 
representation 


H(A) 


i r t 

b \ a(5h> 


C 

d ■' b(i£ a) 



( :n I 


We define 


r (Ai 


- 5 

b(C a) iJCa 




end the ILM oarttcion Manilionlans bv 


CW 


<::) 


For A • A. this reduces to P (A > • I and H (A.) • II . With this .'edntt icti 
n a » a 0 .1 

(20) becomea 

H(A) • y 'c H (A) . 
a 

allowlni us to construct H\A) from the protect Inn operators P^(A). Note HiV,) ' 'I. 
Next we show 


Le»a 3 ; 

/ ■ |H(AM -H.(A). CD 

a(Ch) * 

■■ciaia 3 is an important con^atlbllity condition hclweon the analytic 

propertiea described by Pj,<A) and the connectivity properties described by 

|H(A)|^. In order to prove this result we neetl Home atMilional mr'ilnorv. 

Me define wave operators 

:.*’<z) - 1 ♦ t: ( 7 .) v’’ 

a a a 

'i^*’*(7.*) . 1 ♦ v|| r.^(z^) 


^ '’b'-b’ ^ ’b'V» ‘"'r- ‘’Vi 


I *u t n.*r I < • • I •' 


I <S t 11^ I Ilf - • • • I * * • , ' *'• ••It** 


.1 h 


♦. ». ' \ *n -I 

‘ = ' HI » I . M ; »d: • -t •! iisi 


1 • 


1h i.s at I .*ws us I o rr t at I* pa r 1 1 1 si ^ 1 1 i*r 1 »'i: • { «t rs w 1 1 '• » I » • f c t r J 

partlti'm Ffo** i7 (?.’», *nJ »?M ; ? **’Hch* !»>it 

II Ml • ■ ' dV f.l .') I <;S) 

S —.-.e k_.o • U K « 

♦'I', . C \ 


I*)*, '••• f vr t**Jt I his c ! i b i I V *» t Ir ••*il 

h I 

H • 


wt'crc i • 

hive ,*013 nrc ^InrrhCa, 

* J h h J 

s«if» of terms with s'onnot* t l v 1 1 |o% c <wc • t*Mf r ?**. Jt !• e.i«» ti- *» .•s 


Ui ) i. (v;I> • I \i 1 

I hr 1 c c hhe 


It *1 


* ^ b SI 


h t' b Hi* ^ 

». ID • *♦(* V WV * 'k ^ • i \ * \ V' •ftrr**.s%ith» *nneb t i vi 1 1 

a c c .1 .1 c ■ i’ c 

e%ifrral t*» r . 

h * * h h ^ 

st»ll.if|i with O I ♦ i* V • O 1. *n I vlntf ter*s w h 

I • h a 

nert 1 vlt It'S rstertial l«» c <lve no ChS'l r Ihut IbSi t»* the »• <»»**re.te»f paM •'* jo 
esprcHs jon , (•*»> Kstihs,*, 

1 ) ( , < 3, } ► ) . *'*U ’ ' J • I *'(*■*> L 1 V** ' 1 ' ' I * f tet »• V 1 1 h r*** 3 nef f ivl i » 

.1 h H .1 i- 4* Sri* b* 

e \ ! e r n 1 ] t »' *' ! 

i 

Ninii* (he list term (•. ne. i ir | U* 0, i.’ai *i«Ui'ws 

We .ire n.«w in 1 pb»«.l!l»'»* li* prove V»e strp in (his nroof 

Is extrui . rsl«tf 1 , (.•!' . (;i>, .*ribl \.*ol we have 

1 

HIM - I /' J I Ji ’'ll*' Li V ' * .*<’ *' 

1 h,b .,1 y \ 

.1 . enrii's I ( V i t V ispiiisuMi .•* Hus usl^e ( *n * we oMun 


IMA) • y c 




CtiOTgluR flic order of tho «urw five** 

r' "" . 


* }. /. . /Lj I •',1 ‘ I 'ill.* ‘ t (• ;M ,ir . 

V"' 

( ** ) * C • I - . Tsini: tills In i2i\ we nbt itn 

MTi> f 

, e-- r — . 

H(A) ’I / ^ / I ’’(I,*) £ (i :n ' 'u:'M .If. 

c hrrii .^i ‘ ^ b c 

This tallows us to nuke tlio IJoni I f ir.it ion : 

(H(A)l - _ > ■ / I.Nf*) f ( ;K, J,. 

" hcsj) " •’ 

Uslnf! l?«> in the left-!i.im! siile of (.'T) we eht.iin 

IH(A)I w ^ YL i (. :f) '‘*(i:‘)I .If. 

a(Ch) " ai^O rte^) i c^ ’ c c .1 

c 

Using (26) we obtain 

^ |H(A)I . JY, Y. 'r*'e-’ '*' • 

a(Sb) •' ol'^) c(^) .i^A ^ c c b .1 

Changing the order of the hu«i.s. using (25) gives 

Yj l"(A)l • ), Y, Y^ (/ f ,(• :n i:^*(F')dE) 

»(^) • c(^) 1 CA ;b 2 T^?c> ^ orb 'a 


2_. 2_. / h<E*) t (. :F.) dE 

c(^) T^A '* c c b 


This proves ( 23 ). 

Si**c* the fewer body operators (pro)ecCors on eigenstates 

of partition Hawiltonl.ans), the 0 |>eracors II (A) ■ P (A) tl can he cnnstructrj 

a as 

froB solving fewer bodv problems. From ( 10 ) It follows ch.it f 21 ) «.iy he 
inverted to give the [ 11 (A) l^*s In terms of these fewer body snlutluns vi.i: 

(W<A)I, • J •.!) \<A) 


£?**) 



the rt'MoIvenc cnoaclons 
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C(A) - C^(A) - C^(A) V*(A) C(A) - C(A) V*(A) <7^ (A) ‘ J- > 

C^(A) - Cj^(A> - C^<A)(H^(A) -Hj,(A)) C^(A) • Cj^(A) (H^(M - (A> 7 C^(A> ( J5) 

- C^(A)(V**(A) - V*(A)) Cj^(A) • r.^(A)(V*’(A> - V*(A») C^(A> 

• C^(A)(V^(A) - V*(A)) G^W • Gj^(.\)(V^(A) - V^(A)1 C (\1. 

He h«v« supprciscd the Z. If we set A ■ A^ these becosie the stanJarJ resolvent 
relatione. 


Next we define the RM transition operators 

I^*’(A;Z) ; V»(A) ♦ V*(A) C(A;Z)v'’(A) 

T*’’(A;Z) H v‘‘(A) + V*(A) C(A;Z)V*’(A) 


Oh) 


Again these sett iy the property that 

if (^Z)- Tf <Z). 

TIi€ dynaalc content of the T*^(A:Z) the sane a*i that of G(A;:!>. Thl< foll »w^ 

(roa (16) and the relations 

C(A) - C (A) ♦ C <A) T*’’(A) C. (A) 

a a ♦ o 

C(A) - Gj^(A) ♦ C^(A) T*’’(A) C^(A). 

We have eucceeded in defining dynamic operators that describe Mjt R.H and 
which have a natural correspondence with operators In the full reaction theory . 
Theorea 2 tlea these operators to the specific reaction aechanlsa. 

In this section we defined the concept of reaction aechanlsn. For any 
rtactlon aechanlsa this definition allows us to Isolste dynaatc operators 
having the saae structure at the corresponding operators In the full reaction 
theory. Since the algebraic structure relating the various resolvents and 
Interactions art all preserved, the dynamic RM operators, G(A) or T^^(A), 
can ba calculated using any first principles reaction theory. For a sultahle 
choice of NM. this aay result In slnplsr practical calculations. Fiiriherin.iTc 
the •CniCCiir* of Cho o^uaclono should help us undersesnd the dvn.imlc proressc^ 
tavolvod in tho KM. In tho nost toction we will u«e N*body ccchni<iues to derive 


kthenitlcnlly vctl-behsvcd equations for Che RM operators 


IV. r>vn.tolc Cquetfcns 




ai> 

3 C^CA) 4^^ ♦ l' G^(A) ,.-(A) , H, 

In the nenc aecllon we ahviw that the first Itcrate.l kernel o' this ein.ut^n 

la connected. Ansumlng our IW Interactions V^(A> are consistent wilt, th.' 

oparaClnR P.C.A.. the first Iterate of (W) will be a compact kernel e<iu.itloo. 

Ihl# condition guarantees a unique solution^ [4), We sh.rw that the opeiator 

i(A) 3 J i^(A) 
c 

■ay he identified with the RM resolvent C(A). Ue have 


Thtorea 3; 


C(A) - J!(A). 


To prove thla we flrat ahvw G(A) la Independent of a, then that It satisfies 
all of the resolvent Identities (14). 

To show i(A) la well defined we use the perturbation expansion «senor.iied 
by (38). Ua need the following: 


C^(A) - t (A) - l' C.(A)(pJ (A)-i»* (A)) r (A) 

I I 'l 

♦E <*>> ‘■•c <A)(«%A)-p* (A)) C (A) ♦ .. 

^ * * 2 '2 

To prove thla leaw wa first note 

I- »:<« - 1' s •:<« • i- s ,E, i«<»u - c,. 


■y LcaaH 1 wa have 


■ 1 - * 

» n. •! 


"<*) ■ I ',<*) 


If t) I s t..» f illv t plr. fifi n>akc« 

' "il'*’ ' ^ . I"f '» 1 • A> 
h < ■ r ’* '■ 

hv (>')• V'*lnfi In fIS) ws* f i n.| 

It8T.Hln^. {Uh) with h • fj, • c, Klvd-^ 

t: <V) - (-. (>) . i (A)-:'"’ IA|) r. (ai 

M l ■'l ‘I 

♦ ) r (All- (A) - •■• (Al) : (Ali IfA)--’ 'All ■ (A 

•’ “^1 1 

Repoatlna this Iteration an Inllnlic mnthor al t Iws sivrs (sl> 

Wo now show that the definition (14) Is Indepeo-lent ol a, 1 r., l.-r 


.inv a and h 


I (('i f A) - rt (Al) . 0 


to CJich or dc r In •♦ ( A ) • wa i t .*^n ( ^ ^ I R*'n<* r . 1 1 t r « i : 

25,, (A) • G (A) *<^,(A) U*(A) r. (A)*' [•* (A) r. lA) ;• *(A) T (A) 4 ... 

ac a ac a c c - c, c, r c 

Cl 1 1 

Surmlnc over c alvrs 

I fi (A) . C (A)*[' G (A) .."(A) r. fA)*y''"c (A) :•* (A) I. (A) r, (a) 4 

C A , a c e a c, c, r^ 

(4 

t'sin* (44) In (4)) gives 

[ ia^(A) - (Cj^(A)*i’ r.^(A)(-^ (A)-t.* (A)) G^ (A) a...) 

• (lay l.J(A) G (A)4^ „• (A) r. (A) w\a) C. (A)*...). (**) 
d " ^ -^1 <», ■*: •'; 

In order to show that this Is the expansion for I ve ronslder the n^’’ 

order (era of (46) in i>. This lera Is lauppreailng the A's): 


J1 


~v^ ) 0 (1> '-w* )c (t* ) c 

^ » <% JCl «•» 1 1 C- • f 

11 12 2 n-a n-l n«l n n n 

1112 2 n»l n-l n»a n _n 

♦ ""c ’ ®c “’e^*‘'c > ''r '’!! ’ 

-1-fA jci .. ^n-A _ 'A.-JJ.„.'n-xJ'n- .» Ji ' ". 

♦ Z'eL »* c o c • y a I?** c c . I 


In order Co observe Che cancellaclonn In (47) one mist start (rnn the right 

of the tt>p line. The Cem with the single underline and all fa>-tnrs to Its 

left cancel the second line. Moving to the left, the cem with Che double 

underline, everrchlng to Its left and the terw, -C f* C . to the rUht 

'n-l 'n ‘‘n 

cancel with line 3. We continue this process until we get to the tern with 
the triple laiderllna. This tem, along with what renalns on the right c.inrels 
the last n+1** line. What ranalns Is the expression on the right-hand side 
of the e<|uallt)r. This Is the n*** order tens In the sua. Putting these terns 
together each such n gives: 

- C|^(A) ♦ I C|^(A) y^(A) C^(A) ♦ ... 

tihlch la Juat tha perturbation expansion for I (A). This proves that il(A) 
U wall daflned. ‘ 

Now wa proceed Co demmstrace that we can Identify i(A) with C(A). Using 
(39 wo have 

2(A) - I C (A) i ♦ Z'c (A) uVa) I'c. . (A) 
b a ab ^ a c cb 

2(A) - t.^(A) ♦ C^(A)(Z'i>*(A)J 2(A). 




y 


Fruti (4)) we have 

r.(A» • ♦ C^(A) V*(A> 2(0 . 

This aust hold (or anv a. Therelere (".(A) satisfies jll relevant resolvent iden- 
tities and oav be Identified with the RM resolvent operator r'.(Al, since satis- 
fying all Llppnann-Schwlnger equatloni Is enough to vteid unlguenesa. even thoug 
a single one does not.^ This voncludes the proof o( laO*. 

It follow;, that (or nvrtilvlal teacllon m-.hanls^, lie tb tesolveni 
oav be obtained bv equations ()l) and IIP). The Wernel an 1 driving trteo 
of ()8) are delerslneJ frosi aolutlcaa ot f..»i bodv prohless using l.’D. . 

1)0). and (n>. 


* • £.“1 1 N- gody f < 1 J at i ons 

In part A we derived connecle.l ker-iel enuat Ions for ClAl • |2-HiO> 


Since H • ^ ' tl(a ), A' • A^^\A liiplles that 

H • H(A) • IKA' ) . 


Proa (sS) follow the relations 

C. - lUA) • f.(Al H(A') r. 

r. • .'.(A’ ) ♦ ClA' ) HfAl 0 . 

4 — - 

Iterating Iheae equations gives 

C - ClM * or.) H<A’) OlA’l * 0(1) HlA') O(A') H(A) 0. U>») 

In the next section we prove thst (*4) is a c.winected bemel equation lot an» t 
01 A. At this stage we have a full W-h.slv thror». Ue note that wr a.-luallv ha 
faollv of N-bodv theories- one for eavh couplenentstv pair of reaction orch- 
anlssis. Since our isaln Interest Is In srafletlng ptien.mens. If !■ sdvantsgeour 
to reforuulate these equations In fetms of transition cperaiofs. Ue do this 


In the last part ol this aecilon. 




K«catl the dcflnltlcii}i of our id ^r^iMcrtn^ opcrnloi^ (Vn* Thoitr 

C4n be celculecod fro* ( 36^ • (38), .ind ()*)). Direct calcul.it ten of th«' 

T(A)*« will clearlf s«ve un a <iuadrature or two. Another adventAKO In l.iI* 
culating the RM tranaition operators directly la chat for any A, n^(A) la 
never zero. It follown that (38) la a avstem of coupled et^uatlnna with - 1 
coupled equations (iq) where is the Bell number, l.e., the minher of 
distinct partitions of N particles. The *1 ts because we have no tcrea for 
the one-cluster partition 1. For sutficiencly sltrple RM's transition oper* 
ator equations SMy couple together far fewer anplltudr!t. 

Transition operator equations for the (A) may be obtained In .i 
forvard way by rewriting (36) (usIhr (3&)> as 

T***(A) - V*(A) G(A) C“'(A). 

Dslng (43) and (14) In (48) ve obtain 

T^(A) - l’ W*(A) C^(A> C*^(A) ♦ f t“(A) 0^(A) t'** (A) . (SO) 


Wa noct for A • A^ thate arc tha fullv-off-ahell BRS equationa in pracuraor 
form Is]. Dm aanc proof that shows the first iterated kernel of (38) is 
eooMctod, also shows that the first iterated kernel of (SO) is crnnected. 

The advantage of (SO) la that p*(A) * 0 when c is such that e ^ d (or at 
least one o^CA, reducing tha nunber of coupled equations. Centrally the 
largest reduction will be when A la a few-body RH. We note that (38) and 
(SO) will both have vanishing iterated kernels whsn A is trivial. An equation 
which can yield corrections to (A) froa the conpleaentary RM, can be 
obtalaad by rewriting (49) as a aeattarlng operator equation. One obtains 

♦ c"‘ C(A) c"' ♦ r,*‘ r.(A) t c(a) c^* (Si) 


T - T~(A') ♦ M(A’) C(A) H(A) r.(A’) T. 


( 52 ) 


u 


fS.M l« th»* trsu!i{rl<>n oprt n«'r vrfnlri, of It a1*o • 

foniu'Cli- I r.in ho sirn’lv e hst .i* t r f t f o 1 w'srn H 1« rxiiu 

lloJ holwiTii on-shrll st.itPi.nf Ibr for* • **jj^*^) with 

this C4SP (M) bpconi‘1 

wtiorr :i*‘'(A) - r.<u. ..^(A) - r.(M rn-». t.n- in (SI) I.. .. 

.in'!' rb'.lf.il lMrrprM.it lim. The (It.t Irrr T*^<AI derribn «' r .-..irrlr* 

t)iat oroir. p.irrlv l*irmith thn prlnarv A. r.r wise ppM.iI,'r ii'’(A) dl.tnri. 

Il'p Ituonlnc v.ivr thr.iu»h the prln..tv R.*1. I ic-ittm • l.r dl'. ■ 

t 

tortpd w.ivp throsi^h fhp spcoml-sry A*, .st Init -rncp. Thp w.ivp rpptii't 

ll *(.*' Ililorts tbp int'Rolng W.ivr thrnijftfi tbp pMisfv PH. T**p Tr»4fp’**rt t 
p.irllculsrv -ippropTistP when tho prl».irv R.“ Jcsctlbps •w'H of tbi* ;'hv»I », 

And th* A* forroc t Ions esn hp IncI udpvl p«* rt urh.il I vr 1 v . Jbfn P *>00 tsp 


(51 > »ii reel Iv. 

iMcP VP show thst (3P) and (491 or (SO) and (S?) aro ronnorlpd fcpforl 
pqu.Hlons the N-body aspects nf our throrv are n’nplptp. Up ran mist mr * th«* 
N-bPdy scatterin* .'ite* by applying r. C*' to the Mate. 
conrecteJ partition eUcn»t.itP») . rrcdholm thcorv cturantcc. that t'-r 
residues of the poles of C are (Inlte rank pro)ertton operators on t'.r s-brtv 
bound states. Since anv degeneracy Is siwaya (Intte, the e-bpd» hown.) slate, 
can all be Isolated, '.f we were to continue by solving the N* 1 body prohle., 
these solutions would then be needed to construct the P^lAl's tor N-bcdy 


systems . 

The other remaining problem la to prove Theorem 2 which ts needed to 
show that the operator T**’(A) Is related to the R.M - A In the sense discussed 
In (19). Thl« prohUm mnd thv connpcllvitv problm* arm ronsHmrvd In ih* 


next section. 


J5 


V. Properties of Rqu.«cloiis 

In this section we discuss properties of the dyo.imlr equations intro- 
duced In Sect. IV. We show that (38), (49). (SO), and (S2) are connected 
kernel equations for any choice of nontrivial A. Assuming that all of the 
operators used as input are consistent with Che operatlnc F.C.A., all of 
these equations will have unique solutions bv Fredholm theory. We also snow 
the RM transition operators satisfy an optical theorem of the form (18; tnvelvlnc 
only those partial cross sections associated with the R.M-A. 


A. Connectivity of the 8.M Operator Equations 

We show that the first Iterates of (38) .md (50) ate connected. For (?8) 

the Iterated kernel Is T C (A) y*(A) r. (A) ;’^(A), while for (SO) it Is 
c * ^ ^ ” 

y i>*(A) 0 (A) o5(A) C. (a). To show both of these are connected It Is suf- 
• c c o o 

flclent to show^^ 


Theoren 4; 


y y"(A) C (A) tv (A) Is connected for Jiny nontrivial A. 
•* C C o 


■y definition of ti we have 


y’ olICA) C (A) y'(A) • l' C V^(A) r. (A) v'(A) C . (55) 

e D **cc c h D 

c c 

We can drop Che on the right of (55) without changing any results. Making 
a connectivity expansion of V*(A) G^(A) we have 

t ‘'c <=c‘^»d ’'h'*> 

• r' c l(v“(A) ♦ w'|'‘(A))(n.(A) ♦ C.(A) V^(A) C (A))l, v'(A). (5h) 

c ' dfsl) ' *' d c c d b 

havm used (31) and (35) In the above. Note V^(A) • 0 In 05) tor d^Cs 



Since with conneclivitlv< r»ivrn4l to 4 (upper d*%) do not contrlhctr 

lo thr J connccfrif part .ir> op^ritor, (S^' hecrnkps 

I c • , |5jl5) <^j(A'). v'(A). 

C ‘ dtTT ) J d h 

Cbanglof, thr crJrr cf the ^unn rlvr« 

l' '■•d‘-'>'d ^c - 

d r t ? d ) 

I'slpg the represent t il,-n (V') for V^(A> elves 

• a V^' 

y iv,(A) .. lAi : , / V / (HUM 

. U d d r <3rr, e 

d Cl » 1 ' ciC V) 

r>^c' 

- l' ^ r-:<A) r:_,(A)l^|HlA)IJ O-'ecc' 


Sow fron I i*-ru 1 wr h.iw 


E'' • E 

cm> ' tl2U' '■ r?Uu-’ 


I'slng I'l?) in (>■'' elves 

T e*(A) r. (A’ V^(.A) . V ^ iVjlA) .-..(Ajl-IHIX)! ‘ 

^ d etcl-f ^ ^ 

Tlu* C(M!dlfion n. , oi'«n« that de'e*' wh*.ch lanllr^ that | ).• ! ] 


A. Thr connect I vlt* of an^l (50) fo\K*»w imrdlatvtv. SmtrlviaUtv nurt 


hr hkhciuao !or trtvt.ii \ thr ttrratrd kernel 1* refo. 


H. CiirnoA t Ivl Iv Full f^uat toon 

Sow w*' nht»w that (i‘J> and ('*) ha\*e connected kerrela. Heir we 

dc.il with kernflii of the tor-ir.(.\) KiaM I((A) and H(A' ) C(A) HtA) C(A'). 
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It nufftcr^ to (ahow 
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Th«OTC» S : 

H(A ) (*(A ) H(A) 4tiJ H(A') (*(A« H(A) .ir** connccfod . 

Proof: 

Since the proofs of these results .»re slall.tr we onlv consider the 
H(A’) C(A’) H(A) case. Uslnp (M), (II), (2?), (H) .,„.t (J4> 

H(A’) C(A') H(A) • Z c H (A’)|C (A') ec lA’l v'(A*> '1{A*)||II (A>*v\a1) 

j « a 

■ I ■<'■' H(A> 

^ 4 

*■ I C H (A-) c (A*) V*(A). 

a ' ■* •’ 

The second and third terns on the rlpht contain I C H (A*) C (A‘ ) v'fA’l inJ 

r’ . . a a " ^ " 

i H^(A ) ^ ^ lA), These can be shown to he connected using the s.trs’ 

■ctbods enployed In proving (S*l. The renalnlng term la T C H (A* ) C. lA’l H (A1 

.1 * •’ a .1 • 

Using (22) and (33) this term becoavs 
Q.(A') 

I p^(A*)(— ^ ♦ P^(A-) r,^ P,(A')1 P^(A) (SO) 

For co^lenentary reaction mechanisms we have by (8), (21) 

Pa<*> ■ 

P,(A') P^(A) - 0 (A(,3 

Pa(*') Qa(A') • 0- 

Using (M> In (39) gives 

l' H^(A*) C^(A') H^(A) . 0. 

It Chen follows that H(A*) C(A’) H(A) la connected. 

^ fana^k that A and A* do not actually have to be complementary; they 
•"IP ^ dlajolnt. Thin neana that several such disjoint reaction mechs- 
"ar Ua Joined In this manner. He discuss this In Appendix A. He also 


note that imll.e (Si . Ti . r.- S 1.. M, . . oi(, • t ivl.il ard n. nil lvl.il m’s. 


C. Si'c. till I'lojirriies .| Cp.i ..tors 

In or.l. r to understan! unlutli.. ve - ,.e .,rsi ,„d • h, .pe.li.l 

proreriles rf the oper.iin,, ,h.,t ...,ve as (e,.,i |„ ,n„ai|nns <rr th, 1 - 


We heyln hv .1 1 sr u-.s 1 nr the Itlenslates ol |I m ’ ee . . g . I. 


r <A) 1 1 . ) • • • I , 1 

I ^ » » 


hv < '), (:;) and (nil we have 


o • (f (i.i- ' (f - >1 (\)i s ii 1. I. 

'n a » h ’h •» « '• 

If A It follows that 

•' <A1 t,t '.>••» r (A1 (A) : ( , I . - 0 

a ah a a a a h 

We see that H^fA) will have three Unjs M elrensiates- -a.I.-allv r.annecied 
eigenstates of with n^CA; scattetlpg eigenstates of that evolve f n- 

naatmallv connected eigenstates of with n^CA; and elten.-ates of wl>h 
■h^ ^a WJIJ refer lo lhl< as fa*| :i fnrr*'- 

The most Inleresilnr ricenstairs of M^(A) are the scattetlnc eUenstat... 
From the ahove we Irnow that these are also sratleilng elrensiates of H . 

A 

Because A we note that !l^(i^)- Is a masinallv connected eigenstate ol 
11^ (A). Considered as eigenstates of H,. the scattering states of H^(A) 




Altemstlvaly ws nay ash what la the scalleiing eigenstate of H^(A) that 
Shelves fron ths slgenstale of \(A». Thess boundary condition, give 
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v’’(A)U*(i. );A'. (f.4) 

>p DD o a ab 

To determine the relationship between (63) and (64) we consider .is 

a b 

an eigenstate of rather th.in Fquatlon (62) alK->ws us to write 

b 

This gives 

whsr* ssllsfles (E^ ~ (■•(,)' * 0- If «« writ* <t3) and (65! 

b 

In a coordinate representation, as the clusters of b get ^ar apart, c* . con- 

trlbutlons (roai and vNa) vanish. Since die function ‘?|}’(.i.^i> in lej) 
a a a D 

and (6S) is the saae, we Bust have 

Ualng (35) and (6S) we can express (65) as 

|»^(Sb)> • (1 9- C^(A) 'j(A))Uj^(,j^)>. (A6) 

Using OS) we nay express (64) as 

|♦^<lb);A•- (I ♦ G*(A) V^(A))U^(.j^)>, (67) 

Conparlng (66) and (67) we have 


This Identification allows us to nake the Identifications 

l♦b<“b>’■“♦cV)l♦6<'•b>>■<l♦C*(A)V^A))|^^^(,^)>-C^(A)C* \A)llj^(aj^)> (6b) 


for bCa. when operating on oaxlnally connected states I*, (n. )> with i Ca. 

b b h 

tesnlt will be inporcant in deriving unltarlty relations for the T^*’(A). 
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• ,*V*i I'nl l_3t! IV 

Wo now prove Thi-oron 2 hv showlrs that the IW transition operators 06) 
satisfy a unUarfty relation consistent with the underlying RM. This swans 
TVeo_ren_6 : (RM Optical Theorenl 



Wc ru>w uat* 



Stofi* wr have* nju.i! f^r w«- m.iv ti*.*- tfi.* 


( '*»> to write 


r*’(A;E') r. (a;E‘> t‘ ** f e') - r"' (A ;K‘ > .. ('> V*’«A>- 

ii c * *1 c 


I'^tnR (84) Ihl* l>rct''v*i 


g''(A;E’) r. (A;F.*) t‘^^(A;K '8 - (:'*(A;F') '(Alt') V*' ( A ) • ( » ' ♦ v'^ ( \ ) »:(A,8 i V* (A) 

d c • ‘I 


T-'" (A;F-) . 


Wt" ri’-Mrk that on«* Jiwh not nom! tho koIv.’.i (oi ot (A) to pri .t ' '' ' 

CAn AhiA.’ 8r illtcctly from ttio (vn.irlc o-jiutlonA uilnu ArRimo'it ■> ilrt l.ii ro 
thote In Sort. IV. A. l’Aln»> ( 81 ) In (80! ftlv.— 


HI V • • • ■ rm . v -m i m r. \ «/ • ' • • • » w . , r- • • 

Z. Z. 

c die c) I A 

CFianftlng the ordor of tho <uir»vU!on In ( ?J 8 


r(i,;F.) T (A;F ). 
d 


CndnginR inc orcor oi inr Hunrvivion in ic* • 

ft T‘’^(A;F.). j; Z^ 1 Z, V"(A;F.*8 r.^(A;F.*> r.-’(A;I*)! P(.^:F) if(A.t-). Cl 
j JjCA cf5"d) 

We now note 

^“'(AsE'*, (I (A;E^) (l‘'{A:n*) n(ti ;r> - O if d 

C d ” 

y ' 

Thl» lemma mc.ins that we can .»xtonJ the c aun In ( 8t): ^ • J . Calr.it 

C< 5d) t 

(71) we Ret 

T’ ^*'(A;E‘') r. (AlE^ r.-‘(A:E*) - I t-'(A) r. (A;eS r.''(A;E*) ♦ [’ .-^(A) r. (A:i*) 

L- CO C r u ^ 

C C 

. ![' f"(A:E*> r.^(A:F.*) C*'(A;f/)). («A) 

* e 

Coavartng (85) to (50) and notlnR that the aolutlon ir-jat oe unjq%ie It 
follows that 

I ^"'(A;E*) n^(A;E*) r*‘(A;E*) • T* (A:E*) . ("M 

c 

Using (88 ) In ( RJ ) after astending the e sum glvea 


where we ha^ 


A T**’(A;F.) - X!! T*‘‘(A:E^) D(.,:E) T^’’(A;r.'i (b;) 

e used y ^ ^ , Fron 0<>) we h.ivo ) f • (A;E ). 


It follows that 


d n ^A .1 ,C A 
«J (I 


r*'*(A;E) - T*'’(A;£') (A;F*'))*. 


Equations ( 87) or (83) arc the Basic opcntor unltarUv relntii'ns for our 
RM transition operators. To put then In optical theorem form (As) we take 
on-shell auti lx elenents of (88) between states for A. I'sin,; 

this with (79) elves 

71 !•<« (a)|T**(A;E*)|j (a)> - -2»t X| /jF ...dF _ AfF-E(d :PU 

* * * eTTA * "b ‘ 


!<♦ (a )|Tf’ (A:E*)Il. (3. )>r (S’) 

a J ♦ D D 




where p^ la the density of final states. UslnR the standard quantum oerhanlral 
rnlatton between the cross section and the transition operators (21], we ran 


Identify ( 90) with 




Coffining (89) and ( 91) we get our RK optical theorem (69), As stated before 
this unltarlty result proves Theorem 2. This Justifies the Interpretation 
of the operators T*^(A) as transition operators describing the reaction 


■sckanloa A in the sense of the definition (17). 




VI. Surwarv .\nJ Conrlufii('n 

A, S' r/ 

Wt' * .IV. J .1 unlftt»d iri»at^ont of dlJforont rfictton 

In iionrolat lvi.4t ic S-bodv Hb t r r lnn> TM» iScorv <j. bmeJ oti conr.oct**! 
kentfl o*;uitton« th.it ;irt,» onpoctod to hos'ono co.^ract Klv**n rc.iHi'n^Mr 

cons t r.iii! t « on t»'i* potent t.il« These ec;ia.itlons c.»n he f<?r*.iilited f*'r jriv 
import.mt set of .frptot Ic chjnneln. T>t «ptT.»tors t ire .ip- 

trinslriA*n oper.itors th.it Jetcrlbe the sc.itterin.c procredlnit thtoup;' in 
arhUr.irv re.ictlvin rroehinlse. A. The*«e w'pcr.itots 4tr nntquelv detet-*ln**f bv 
A ronnecteJ kernel .ind satisfy .%n eptic.il tht.rc"! consistent with 

the chi Ice of re.ictlen meihint^n. Cernecre l kernel eTMtl.'»n« tel.it tnp T*' (A' 
to the full u<i to Cs'^rroct the .ippr owlo-its s'lurWMi* lot .inv i<nored 

process to ,iny order. 

Although our ihoorv is c.ip.iMc of treiMn^ .inv re.icttcn !rech.inis- A» it 

1« only when the indivlJu.il stsiCos of A Involve i few clusters, th.it the equ4> 

t_lon» for the T*^<AT's rewult in .» suhst.intS^I -• Inp 1 1 ' I cjit ion of th«* esjict 

tfteorv. In thi* c.ise of few-bodv rc«icClon fiech.inism.s , two basic slnplH teat lt*n» 

oeciT. Tlie !»'st Irport.int is th.it *he nunjber of s-ontlnuous vector variables 

In the kernel of the Integral equ.it Ions reduces t? N - I, where N • rus n . 

l^C A 

Since the vector nature of these vjrl.ibles c.in he reducei hv sep.ir.ible 
eicp.insionn ond partial w.ive teclinlque«, one can usu.illv *et the nu'iher of 
continuous degrees of freedoa di>wn to - 1. This reduces the nunerlral 
coBtplcxily of the »any-bodv pTi»hletn to that of a few-hoJv pioblea which wv 
admit exact numerlc.il treaisientn. Tire ocher ainipllficat ion is In the nuaber 
of equatl.ms involved. If one deflnet the set 
I*. • i al a ?b , i. C A ^ , 

A P 


th« miahcr of distinct partitions in tliia act la the n'lirhrt of o>jii.i- 

tlons for T**’(A). For hichlv cluatcrcil states b. this minhc* la Ci'iialder.i’'lv 

•lb 

Iran than P^-l, which la the niiol'cr of cquat iona foi the exact T when 
every poaaihic tvpe of mul f Ipart it. c l4»rci* exlala. 

TMb theory represents a conslderahle ipprovowent o\ r fwjdel theoretic 
treatavnta of few-bo<ly reaction nechanlsos. The appioxlmate dyn.inlca la 
dictated directiv fror the reaction fnechanlara and autotn.it Ically Includes .ill 
corrections (such as spectroscopic factors and overrount in;; corrections) neeilc.l 
to Mlntaln the InteRrltv of the tinderly Imt S-bodv nature of the systcic. It 
shows how ail corrections to the approximate solution rose In. Incliidinp. 
effects of particle identity. It gives a unified treatment of all few-hoJy 
reaction nechanlans, with the saoe dynanic slapllcitv of the eodvl calculation, 
but can Include conpllcated reaction nechanlsms involving overlapping configur- 
aclons where It in difficult to fornulate models. 

■. Applications 

The most Important consideration In applying these Mthods to physical 
■ysteae la choosing a dominant reaction merhantsn. It la only when the 
reaction nechanlam A accounts for most of tho dynamics that Cho approxiaiatlon 
-s T^(A) can be aiqiected to be good. In this sane situation one expects 
tho cerroctlona should bo sncnahle to perturbative treatnenta. Finding the 
moet Inportant set of asynptotlc states A nay not ba simple. One expects 
that final Btatee that ara responalble for largo reaction croxa sections 
should bo Included In A. On the other hand, other slateo nay have to be 
Ineludod ovem If they have negligible or no cross section. There c.sn he 
Mweral reasons for this. First, the available phese space on the energy 


slic 1 1 ll'lts t’c sin- tif Virloii-I cross s.-.tSins, hul the iss.n'ilrd ptoccNs.-s 
coul l s»lM ho Impi'ttini oil sholl. A hetivr piMsur.M-,.nt would be to con- 
sider the r It lo of 111.* .ictual ctoss section to the av.sIliMr ph.ise spate. 
fii» sot-,, processes ■-.* e iv he h..ltnt the ft rest.ol.l lor the r* 'lop. r* ih.- 
chtnnel. -Vciln there st.iles n.iv lot rutlure 1 ej. rt.ltlf >tff-shel| effe. ts. in.* 
i-.iii trv to use 1 pheno-.*noloilr.il picture ef t h.- rr.ictlon nerh.inlse t .> 
decld.* If these states .ire lmp.irt.iiit. .Vn.ntier p.ss|h|)ttv is to lo"l. at t he 
sice of till' cross sertiun .ibi’vc Ihieshold. If suSsi nt 1 .i 1 i.ttrli 
•ire In.ll.arcd. vc rieht expect tlie Si.ite to he l*eport.int At this st ipe 
Inpenutlv I'll p'lvslril Inslpiit .ire l<-pertint Inpredlent s in .hn.'sinr teu'lir. 
itii'ch.inlsra . i>ne this Is done, howevt'r, tt.o (of-.illsei prrrentel hete .ilwi . 
yields a m .1 thenat I cal ly woll-hehavi'.I franew.’rli . 

The most Import. int .ippT Ic.rt Ions to out [cr~..ills». Is to i''w-h(' !v rea. i I'-n 
muchanls-vi. It Is hero that the formalism sh.iuld result In a suffi' leei 
siiapll r Icatlon to allow (or nucx'rl.'l calculation. T»ie mpthoda ol he'itte anl 
Rcdlsh |2i1 for treating idontlral particles In y-hojv systc-.s can tc appllel 
to our equal ions and result In an a'ldltl>mal reduction of the niimhcr of 
coupled equations when Identlral parriclca are Involve.l. 

An example of tho tvpe of system that one could .ippiv these methods to 
is nucleon-nucleus scattering above about SO NeV. Mere it is observed that 
the dominant processes are single nucleon knockout (211. This 'ugeests keeping 
those channels Invot'ving the incident nucleon, a tiurleon from the nut leu'i 
and the reildual core. Our formalism allows us to treat all posslhte con- 
f iguri*it ions of two nucleons and a core simultaneously, tfhen the BR svnnetrl- 
xaefon la applied we would get lour coupled two-vector vartehle Integral 
equation! correaponding to the configurations (p.A), (n.A*). vP,n,A-l), (p,p,A-l) 
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TtM sin continuous doitruos of frsoJon could then he reduced to one or Cve 
using psrtlsl wavs techniques and eeparaMe expansion*. For ccmp.irl^eu we 
note a three-body prohlen with local potentials .mJ diet Ineulsh ih tr pirtielea 
involves three coupled two-vertor variable integral equations. It follows 
that tfie dynanlcs for scattering of N-body systens with three-bodv J.mlnant 
reaction ■cclianlssis will have essentially the s.tiae cnnplexltv as a tnri-e- 
body svstea has. A calculation of this type is in preparation. 

Another application concerns processes involving several reaction necha- 
nlsaa. If these reaction ncehanlsms are anen.abte to different tvpes of 
dynaalc treataents, our forsLallan allows us to treat each one Indlvlduallv, 
using different aethods for each one. It then shows us how they eust be 
coablncd to give the full dynamics. Applications of this tvpe are soaewhat 
■ore aabltlous than the previous types. Wc will not discuss them further. 

Ihe last application is with few-body systems. We note for any choice 
of A our aquations give a reaction theory equivalent to N-body Schrddlny.er 
*^*®ry. Unlike soae few-body theories our formalism Incorporates all com- 
Mnations of many-body forces. Thus it is a useful formalism for exploring the 
Important questions concerning the existence of few-body forces in n.sny-hody 
■yetaw. 

In conclusion we constructed an exact unified formaltsm for truncating 
N-body scattaring thcorv to describe any set few-body reaction 

• natural and unitary manner. Ue are able to handle anv tvpe 
rmmetlom nechanlam, and still sulntaln tha connected structure of our 
theory. 


Appendix K 

tn thlii sirr^ndlx wi* rf thr t^vorv: tbr 

of N-!»oJv 4n»J th.ri two ir.^crl'^n 

A. S-bo*iy Forcoft 

In »>rJ«T fot sin S‘*bo»!v force le he iMo .irs c.r it i- «t 

4H 4ppfopf F.C.A. Tilt'* th.tt fbr N-b.Jv tetce ^ Hr c -► 

p.lvf .1^ 4 illlbetf iipvr4tor wr t.ivr drrrort of 

fri’eslow). tho d«*conpo*«lt ton (Mt r.^nnof Support 4 fu!lv sv'nrr^-tr,' 

cpci.Uor, VO PH’dtJv our forr'.tl litt. T'loro aio tvo Ox^n« idoi 4t • M 'w 

the «'i^uitlon< au*si he f«s'Jtf lo.f, 4nd H.m *<HMf tc*f effort .mturtt/. 

Till* corf of f’lO N-bkSjv forco* t*'e** o%i*» t' 

Dliforont “H'tboJw o? tHr*o ts»r*'«'*i 4rr *«ilf iHfe* fi*t Mf'otr t 

4ppltc.it temn. Wv prcfont jnr of r^inv (i*i *inl ;i.rw foi indii' 

din« then. Wt Ul denote our S-hodv force, jnd 44«wfie ih\i i: (jin bi* 
•plU into 4 r4fl cortetpondinK in e4ch R.*', 

Vj - Vj(A^ • VjtA*> 

where Vj(A^ ,tnd V^(A't 4re CiM»p4ct, ,tnd »wiv be rero. ,^ut rrevloui n-ij- 

tlon ( 2 ), ( T 1 we define 

V*1A) I V"(A) . V,tA) 

V*IA) V'(A) * VjtA) 

R(A) (/. - IMA) - Vj(A))'* . lAll 

With these definitions our K>l transition operator bec.'mes 
1*> • ''’lAl s V’lAl C(A' V*'(V 

- v'lAMC. (A) ♦ O.(A) V*’(A1 r. (All i;*’lAl 

♦ P P P 

Slnll4rlv for T'^^IA). ( A| t It follwe lh4( 


ia:) 


!■( ^) 


C(A) - r.^(A) ♦ C.(A) V*’<A) . 


Using this In ( A2 ) gives 

Tf^A) - V*(A) G(A) r"*(A) . 

♦ - ~ ~ r» 


%f Liffai 1 

f V^(A) - Vj^A) 
c — - 

which iapltes 

• I C V*(A)(C (A) ♦ G (A) v'(A) G(A)) C. (A) 

♦ — ‘■cc'~c c — — n 

c 

T^Na) - T’ C V*(A) C (A) G*‘(A) ♦ !.* C v"lA) G (A) I^,'’»A>- 

♦ — 4 -CC— C 0 ‘*CC' C * 


Vc define 

= Cc 

giving 

■ l’ S***’ * (Al) 

c c 

tills gcnsrallxes Eq. (SO) when H-body forces sr< Included. Because the first 
Iterated kernel of (A3) differs fron that of (SO) only by tenas containing 
Vj(A), It (ollows that the first Iterated kernel Is connected. We note It 
differs froa (SO) by the eodlflcatlen 

o*(A) - V*(A) ♦ Vj(A) . 

lie get a aladlar equation for the A' -BN. 

Ha Bay now use our previous results on unltarlty in show ( A2 ) satisfies 
a proper oaltarlty relation. To do this we note 

Aj t"*'(A) • V*(A)(A^ C(A>) v’’(A) . (A*) 


lie also note 


C(A) - C(A) ♦ C(A) Vj(A) r.(A) ~ * 


(AS) 


- (1 ■ <.(\) V,(A)> r.(AI(l*V|(M <■. (A*) 

• r.(,\) - G (At*- r.(Ai • (A)** (;(A) V|(m (ai*- (..a* Vj a) g(a> 

• ; (A)‘V,(AI f. IM*- (\) '•'i '’ ■ ‘'I** ’-'Ai Vj(»t < lA * 

• (;( \) , 1 A) 1. ( A)‘v (M r. ( <, v". . 1 • t M V ( A I • r.( 1 1 ( 1 . V (M . (A 


( KS ) thl‘% 1(1 

• 'HA) • <1 « »HA)) V,i\n • »WA) ll • 
t * I » 

TiMin < Vi> .I'll! (^®) it ti’ill'V-. ihi» 

’T — ' 

• 2 - i • r>f^ u\ * .*.M r fu*) 

1 ^ ' 


isr t nVo thi» 1 !*^i t .1'. 


0 In ( ». Bv Mir A!t%r«i'.«l *i ApjrrM* ■ , 


coffpiic t o: Vj(.\) u« to brine tn<bi.1r trfvr. t* 

cic. , et vine 

^ r,(A) - r (I ♦ G(M V )(1 ♦ G(A) v'(A») H(t )(1 ♦ v’(A) C (A? )M • V (A) (.(AM 

• . (1 ♦ i:<A)(V,(A) ♦ V'(AM OCi )M * (V, (A) ♦ v'fAt) r. (Art . 

S-^’. - 1 a 1 

I C A 


thi« in ( A4 ) with ( A?) el^’**** 


.1 T^'’(A) 


.. h 


.,C* 


T (A) D(> ) T ■ (A) 


Comparlm; ( A7 ) and (fll ) it fallows that T**’^A) also asiIaIIfs a rr»p<T 
unltarlty relation. Thus .he ln:l>iston of A-bodv (or »» (n ti*e RJl o|Trator 
equations does not change the imltarltv siruelwre of the opera(ora. To tnsMnr 
the HAf' s f.q. (44) must he stoillfled s« 
r.(,M • C.(,\) 

H(A) • IKA) ♦ Vj(A)- 

filallarly for A • A*. Again tfic tonneellvllr 1« nalntalned. 


(A?) 


Scvfl >M*« 


A^pi*ndlx B 


•a SOM sppltcsclons one aay fInJ if. dvetr.ihle 
disjoint reaction MchAnlana. (A^ 

opposed to a pair conplcnentary RM*s. In this case 


to deal with s**vorat 
n 


n 

th« BM operator 


) as 

•quat Iona 


(38) or (SO) rcaaln unchanxed. If we define C(A^UA|) • (Z - H(A^) - II (A^)) 
(49) la replaced by Che equations 

C(AjUAj) - C(Aj) ♦ C(Aj) H(Aj) O(A^) ♦ C(A^) H(A,) C.(A^) H(Aj) C(AjVA^) 

G(A,UA,UA.) - G(A,U A.) eC(A,UA,) H(A,) C(A,) 

123 12 12 3 3 (;^ 8 , 

+ GfA^UAj) H(Aj) C(Aj)(H(Aj)*H(A,)) C(AjUA^UAj) 

n -1 n -1 n -1 n-l 

G-G(u *,)+C(U A.) H(A_) C(A_) ♦ C( U A,) H(A_) C(A_)( J H(A,))C. 
1-1 ‘ 1-1 ‘ " 1-1 ‘ " 1-1 ‘ 


The proof used to show ( 49 ) has a connected kernel also shows that each of the 
equations (AS) have connected kernels, the key point being Chat Che dlsjolnt- 
neas of Che A^’s nokc the disconnected parts of the kernels Into products 
of erChoRonal operators. 


In this appendix we prove lennc A which aavs 

^*’lA> - f t*'(A) A C lA) ('"(A)* 
c ^ 

where 

^**’<A) • l?(A> ♦ 5 !>*(A) R (A) ^'*’<A) - |•'•(A) * ) "f*'(A> C (A) o*(A). (Ml 

c'*^ ‘c Ch 

To prove this we note 

r'^iA) - f'*‘’(A) - ^**‘i\)* 

• if"'’(A) - t**'(AI* - j' T*'(AUR lAI-R (Af> f*‘(A* t. C lA) ^*^'' 14 )* 

c ' ' ; ‘ « 

- I r’^AX^ *R (A)*t^‘’lAI*) .y'l* R^(A>) 

c cn c d “ ** 


♦ 1 ^**^(A) C (A) 

C * ' 

(A)* . 

(Bll 

I'slng ( M ) In ( B: ) gives 



y'(^^‘‘(A) R (A)-« )(.-;|(A) -r^(A)*)(« . *R (A>*K*'(A)*) ey' 

c.d d ad c c cb c i 

^'<A1 

f. C (A)^‘^*’(' 
t c 

But P^(A) - p^iAl* so ( BJ) becones^^ 


(Bt) 

^•'’(A) - 1 ^*'(A) 4^ C^(A) t'**<A)* 

c 




which la the desired result. 


Appendix C 


*» i 

In this «pp€ndlx we prove Leomui 7 of thr ceict. Hie eontoxi of (hlx lerxiti 
l 0 char w* can bring thr Halt In (7A) through theT^^lA' and T^* (A) . 1 • 
probXas ariaca bacauaa thr opcratora brcomu unbounded c t)« Hitx mc’.inx 
the Unit only aakra acnae when thr jperatora arr restricted to a ault.ihly 
dense set of vectors in our h*body Hilbert apace, and fnrthernorr, produc;a 
of these operators make sense only f certain comhlnaclona. Thus thi^re .ire two 
concerns: the operators theaiaelvest end the structure of the equations 
detervlnlng how the operators are put together. In this appendix we onlv 
concern ourselves with the second of these considerations. 

The type of problco that arises Is when some Gj(A) In and some 

C.(A)Mn T*^(A)*^are connected by 4 functions in sow* of thrlr continuum 
varlabl«.< Tbla can causa slngularltlta that would not nonully app»;r, 
through tha acchanlsa 

J dp - , / 2 . 1 «(E*p^dp 

(p^ + E)^*c* 

whara tha 21c eoaea froa tha AC^(A). Other coidiinatlona with and AG^IA). 

T^(A)* and AC^ can also cauaa problaaa. All of thena proMcna can ba 
tracad to tha (act that two alnllar danonlnatora are separated by A (unction. 

In tha noasatuai warlablsa. Wa will show that our aquations arc structured 
so that this will nawer happen In Eq. (76). 

To do this wo use (M), (72) end (71) to eapreas (76) as 
A^ tJ*(A) • l' ^"*(A) A^ C^<A) Tf‘‘(A)* 

-I* <p“(A)* I pJU) ij.(A) w*(A)) A C,(A)(v'*(A)e T' p5(A) Jf-.(A)* V**(A)) , 

!■ this (ona tho alagulatltlas of tho T*a ate all contained In the %*s. Since 
hp Ihaotoo 6 I »*(A) A^ C^(A) Pf(A) la a connected operator. It (ollowa that 


6 


5 * 


llioro .Itr nil nnnirlvl.il A finutlonn vnpnrnt Inc Ihn .lnRul.it 1 1 In. nf T iAl 
and U.i Iirnd only ctirck lhal no .latlar . InRular 1 1 le. o( 

or (A)* .irr mi’aratc.l from r.^(A) hv f funrtloiw In Ih.lr ninrntuit 
varlahln.. It .iiriicn. to cnnsldnr the proiliict 


I is, (Ai 7' s'lA) t r. (A) -'(A). 
^ ijp ' c t c f 


Uc let t C A ho .1 cut <^f C (\). which roqulre« (r). Consider the Mr^« 
ft c 

.ipii.'.it.incr of till. cii» In . I'.lnp ()•) wn f.in write 

(A) ■ U>-. (AI •.'(AW**’'') r (M. {■ 1) 

do da e 

We first STRwo th.it thoro Is no problem when this cut first orcor* In 

bc.ii.isn n( the foUrwlnn: II Itm cut 1^ 1 . In C^(A) then c C (r). klnn wn 

consider r. (A) i’*'(A) A C (A), the f.ct that rC cn e nean. It, at 
0 c c c 

./(A) - '-'^(A) ♦ ii'^’IAl - 1>'^(A). Thl* rnqulrr. that ■.•'(A) either ha. an 
Inleractl.m external to r. or el.e It 1. 0. The presence of an Inim.mlon 
with connectivity external to R or.n. that there cannot be a « (unction In all th. 
rvUtivc e.oncnia of the cluster, of R .eparatlnR r.^(A) and C^(K'>. 'lem ■■ 
there 1. no prohlno If the rut flr.t appear. In G^(A) In (Cl). If the c..t 

y flr.t .ppeara In th. ?!j,(A) In (Cl), there 1. ele.rly no i funrllon t.,.ca,.»n 

^ *0 

it 1. .eparated (roo A^ G^(A> hy the connected .trinR I >',,**) G^(A) .-^(A). 

Sfnguljrltle. irl.lng (roo the product A C^(A) t»j(A) ?lj^(A) can be treated 

analogously. These srRuocnts lustily l.eawi 7 provided the expression Is 

evaluated between a suitable class of state veriora. 


I 
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Appendix D 

In this appendix we prove 

1f“(A) G^(A) C‘‘(A) O(n^) • 0 for f ^ d (P»> 

To show this we evaluate the left-hand side of ( D1 5 . Equation ( 7’) ) trT>o'.les 

^■'(A) C (A) cT^(A) D(o.) • ic ^'“(A) G,(A) n(o,). (02) 

C d d c u 

This «flll vanish as c-^ unless T^^(A) C (A) Is aingul.ir when to TMs 

C a 

will happen If we can factor a C^(A) out of the expression i ‘^(A) G^tA). To 
prove (01) we show that cp d oeans that the first occurrence of ’’^(a) Is 
separated (row OCn^) by an operator external to d. We sHl-v that this ccurt tna- 
tlon cannot give rise Co a singularity. Since O(a^) looks like a n.ixlnally 
connected eigenstate, |o.(n.)^> of H. to 1(*‘(A) G (A), wo consider 

d <3 d C 

tin Ic ^“(A) C (A)U.(a.)» c^ d . 
c-0 c d d f- 

We note c ^ d neans chat there la at least one cluster of d that is not 

contained In any single cluster o' c. Interactions Internal to this cluster 

nacessarlly nusc occur In the perturbation ev^unslon of G^lA), The facr that 

this cluster Is external to c neana that these sane Interactlor.a cannot occur 

In the perturbation expansion ol 0 (A). It follows that C (A) cannot he 

c a 

factorod out of C^(A), however that does not ’Tvati It can be factored out of 

1T(a) C^(A). To sea that thla cannot hapi n we note 

1**(A) C (A) - j’ {6 .* T*’*(A) G.(a)) •-•’;(A) G (A). (DJ) 

C ^ MO 0 C 

Slnca o^(A) haa only terna Intamal to c, the Interaction* external to c that 

ain aaceaaaiy to eonpleca the perturbation expansion of G.(A) can, at host, 

• a 

cone (rna the 1^(A) In (Dl). Fortunately P^(A) conslica of Interactions 
oxtscnal to b. If the required Interaction Is In C.(A), It nimt be Internal 

D 

to b. gut for that b, P^(A) will concalo terns external to tbls cl iter. 


s. 


If a trrn is external tc a cluster of paritll.Mi, It is neccssarv eitrtnsl to 

the whole partition. It folU-ws that the (Itst ,'ccuirence of C tA) will be 

4 

sepj.'ittd Iron tPt',)) h» at least one Intriacllun rxtrinal to d. 

JO 0 

Wc th4l unJer t » jue tc* C tAl 

d 

In wj!(hi»J uut. It thrn thjt < D# > vAnt«^<« 4ft v * 0. Tc* BHi>« tM« 

tr lb fttifflclcnf tc* 


ic cak \ V • a. 

K*0 ^ ' 


IfllnK Jfid the 4hi>vip 


1 ’,(A' V- , . . 

It- I • L-. /Lj . at, ir f--- 

t n) K*' d'liid) J‘€A ' "d‘"' "d’’* , I 

' ■' r« 1, *r r p- :. ) 


Wi» not I* th.it ) 


0 (sT-r*' 


hounded 4« • • A • 1C» <*'r 4MV houndrd 


Int ri:r4.'' le If our ^t4tr vrctjrt and '♦>r tnlrracttiMi V 

well hehsivcd, th»*te wi!l be <«in|tul.ir ttv If anv of the nk'iftenta In ( T* i ert 

Intef.ratesl. To 4hb'*w Ch^t at leave one t'f these (Ptft lnleK>«ted ve Must 

conelder two canev. Ca«e 1 M when d* d d. In this ca«e the sirn«h«lnA( or 

in ( tisg ) haft at le4«t one amnenta involving pArtt^le* in a ftlnftle olustet of i. 

Msixlifteil connectivity of Peent that ^(i.l tft an »»rPtatoi with f»wi- 

d d d 

nectlvttv d. Thla f*ran» that the presence of nt cau«e iM« 

J d J 

m*rventun to jsei Ineeijr.iteJ over. !n thlft ca*r we have no • inf ular 1 1 y . Ca«e 2 
la when it' ■ d. In thla caae Che an'Oenta, p^. In ( ) are the Jac.^M ikwaenia 

of the cltiatera of d. Here conKlatlnit of terms ealernal to d. caviars 
at least v^ne of these momenta to be Inteftrated. T>ila also washes out the 

OjVA^ 

alnKularitv. We refwitk that the term „».•** cauaea a proble* at f! * 0. This 

r ♦ It 

will not affect ourunliaritv rel.«tlons when 14 0 . Since the alnaularl t Irs 
of concern do not appear, the ic In ( P? > causes f PI ) to vanish at « *0, 

TTila proves Lo"*m4 ft. 
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*Work •upported In part hv I!. S. P«'partmfnt of VnrrKv. 

*H.A.S.-)i.R.C. RoHiilcnt Rcsrarch Assorl.no. roraiiirnt .nlilro‘«?i : IVo.ir t -•■•K 

of Phyvlca and Aatronomv, Vnlvor!* 1 1 v of V.irvland, Collofto P.irk * Marylind. 

1. Vc ansiinn the center of mats motion h.ii boon laotorrJ out. 

2. Thl* assumption allout us to use the terms connected and comnari 
almost Incerchangablv, In eeneral our kernels are analytic eperatoi 
valued functions of the romplea energy Z. Compac'neSH a« a llllhert 
space operator following from the F.C.A. Is assun'd to hold only for 
Z In the domain of analvtlclty of the kcniel. Typically for Z on the 
scattering cut our operators are no longer compact. Cenerally solu- 
tions still exist on the scattering ruts, but only as unbounded operators. 
Itils means that the transition operators or.ly m.ike sense when they are 
applied to a certain dense set of Initial state vectors. The physically 
tmtercstlng case of Z on the scattering cut can bo treated by Fredholm 
methods If one can Introduce a new norm that excludes the trouhlsome 
Initial states. Often the kernels can bt shown to be compact on the 
scattering cut In the topology of a suitably chosen norm. In |4) Steinberg 
shows thst the anslytlc Fredhola theorem holds on Banach spaces, 

}. Hone of the partition Hamiltonian eigenstates are slate vectors of 
owr R-body Hllbsrt spaco, but can be considered as generalized eigen- 
woctors in m suitably rigged Hllbort space (141. 

4. Iblo loams follows from substutlng the recursion relation f24,l,41IA) 

of TCf.fUl loto tho check <**•>•***■)• 

5. It la Interesting to consider the relation between (lA) and the 




I 

h. One right be ernret ne.! tb.nt t'-- (-> "Un. mf the wb I rb are •-..t I- I 
In, (I'll might c.iu^e the PX HamlUentan H(A) te zt.'sslv wlrl.,te lr..cf 
ho.inde Inecs of (be spectrum. In tbe sense thst ere of the ruts etrh; ret 
flipped tn the negative direction. Thst this dees not happen follow- hv 
applying the analytic Fredholm theorem HI to ei.nA) Itrtatel enf and 
thel extracting the analytic structure of the kernel iisint e-js. (J'l so.' (*l 
I 

7. We note the analytic Fredholm theotee gives unl<j'*eress provided n 
solullctn exists. To show the solution exists In Ihe domain of aralyficllv 
one must slusr that U exists for at least one 7. In this domain, renerallv 
this Is no problem because a 7. can generally be found for which tbe 
f»«»rturbatl<>n conv#r|t^«s 


i'r 

8. 1h€ proof of thl» relation Is not the most SJtlsfylni?. H one Is 
vllllnp to Introduce the RM transition operators (3<»> first. It Is posslMc 
to five a better proof. Taklnp. (50) as the fund.tmental e<tuatlon, usinc 
(38) end (73) as definitions one can show 

I*‘‘(A)C^(A)-I*)“'(A)C^(A)-i],^^-“(A)C^^(A) fWdl) 

by showing all thres expressions satisfy the sant- connected kernel i-qu.iiton. 

whose solution nusc be unique (see 7), Theorem 1 then fellows using (3^*) 

and C(A)-C (A)-»C.(A)T**’(A)G. (A), 
a a * D 

9. We note C(A) and C(A') will have poles corresponding to both approxlnate 

8-body bound statet, and to the terns In (33). Since the Vomel of 

Z 

(*9) Involves products of operators containing these singularities with other 
operators that aay vanish on thesa poles in sone spproprlate sense, it 
does not follow that the full solution C must contain any of these pole 
atagularltlas. 

10. Racall that the algebra of compact operator# la a 2 sided Ideal of the 

alfabta of bounded operators (20]. This means that the product of a 

coapaet oparstor with a bounded operator la eoapact. Since our F.C.A. 

■uarantaea coapactness (by connectivity) of 

H(A')C(A)H(A) and y'p*(A)C (A)l>*(A) 

C C C P 

for Z not om the scattering cut (see 2), and alncc C(A) and C^lA) are 
bounded for such Z, conpaeinesa of the appropriate kernel follown from 

Iheoreae 4.S. 
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Ji. In this formulation of the S-bodv problem we are not free to Impose 
constraints on the effective Interactions directly. Their properties 
are determined hv solut.sns of (ever body pri»blermi. Generally the tetns 
that appear Involve prol-icts of potentials and prolertors on fewer 
body bound states. Assuming the teal Interactions are well behaved, one 
expects the Sound states to be rlenerts of sene fewer bodv Hilbert space 
The bound state piojectors InoeddeJ in b-bodw Hilbert space will then be 
Ht Ibcr t-Srhnl dt (in fact finite tank) on the appropriate fiber Un the sense 
of sis»en In [111'- This tvpe of structure, .ronhlnr 1 slih rrasonahle 
Interactions should yield effective Interactions that are sutflclentlv 
well behaved to obtain an F.C.A. . 

1.’. If one were to tr\ to iv'ck up particle creatlcw effects. *he rffectUv 
interact Ions would hecoBe energy dependent. We would no longer have 
'•’jlk)-:\(A) *0. Instead the dlscont Inul tv in i*‘’(A) would give rise to t*.e 
various particle prc*ioctlort cut*. T3»e s(rurture 'ur unltsricv 
should thcri glVf sotw indlr.ition of the tvpe rf analytic sttuoturr that 
would require in order to grt the right tvpe ot product li*n crone 
•ectlon*. A eerlcii* treatnent of tM« ahouM aleo Include relatlvleltc 
kinematics. 
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Fig. 1 

Construction of anticluster coefficients (N=3). 




